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$\mathrm{G}$ i $F$ $G=\mathrm{G}(F)$
$R(G)$ $G$ Grothendieck
$\Pi(G)$ $G$
$G$ minimal parabolic $P_{0}$ Levi $M_{0}$
$\mathcal{L}^{G}$ $G$ standard Levi $M\in \mathcal{L}^{G}$
$i_{M}^{G}$ : $R(M)arrow R(G)$
$r_{M}^{G}$ : $R(G)arrow R(M)$
Jacquet functor $r(M)$ $M$
semisimple split $F$-rank [2] [5] Zelevinski
involution
$D_{G}= \sum_{M\in \mathcal{L}^{G}}(-1)^{r(M)}i_{M}^{G}\circ r_{M}^{G}$
(1.1) $D_{G}\mathrm{o}D_{G}=id$
(1.2) $D_{G}\mathrm{o}i_{M}^{G}=i_{M}^{G}\circ D_{M}$




0 $\pi$ type $\{M\}$





$=(-1)^{r}D_{G}$ : $R(G)_{r}arrow R(G)_{r}$
D
(1.3) $d_{G}\circ d\text{ }$ $=id$
(1.4) $i_{M}^{G}=i_{M}^{G}\circ d_{M}$
A. M. Aubert [2] [3]
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LL $\pi\in\Pi(G)$ $d_{G}(\pi)\in\Pi(G)$ $\mathrm{G}=GL_{n}$
d [8]
$W_{F}$ $F$ We $LG$ $\mathrm{G}$ $L$- $L_{F}=W_{F}\cross$
$S[r_{2}(\mathbb{C})$
$\psi$ : $L_{F}\cross SL_{2}(\mathbb{C})=W_{F}\mathrm{x}SU_{2}(\mathbb{C})\mathrm{x}SL_{2}(\mathbb{C})arrow\iota_{C_{\mathrm{J}}}$
Arthur $\mathrm{p}\mathrm{a}\mathrm{r}\mathrm{a}\mathrm{m}\mathrm{e}\mathrm{t}_{1}\mathrm{e}\mathrm{r}$ $($ [1] $)_{\text{ }}SU_{2}$ $SL_{2}$ $\mathbb{C}$
$L_{F}$ Arthur parameter
J. Arthur [1] $\Pi_{\psi}(\mathrm{G})$
conjectural $A$-packet $\text{ }$ $d(\psi)$
$d(\psi)(w\mathrm{x}t\mathrm{x}\prime u)=\psi(w\mathrm{x}u\mathrm{x}t)$ , $w\in W_{F},$ $t,$ $u\in SL_{2}(\mathbb{C})=SU_{2}(\mathbb{C})$
$d(\psi)$ Arthur parameter
L2.
\psi )(G) $=$ $(\Pi_{\psi}(\mathrm{G}))$ $\text{ }$
$\mathrm{G}=GL_{n}$ C. Moeglin J.-L. Wald-
spurger [6] [6] 12
2. MULTISEGMENT
multisegment $X=\mathbb{Z}$







support $a(s)$ $s\in S$
$|a|= \sum_{\epsilon\in S}a(s)$
$\lambda:\{1,2, \ldots, |a|\}arrow S$
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$|\lambda^{-1}(s)|=a(s)$ $a$ $S$ multiset
$a$ multisegment $\lambda$ $\Delta_{i}$. $—\lambda(i)$
$a=\{\Delta_{1}, \ldots, \Delta_{|a|}\}$
$X$ multiset $s(a)$ ( $a$ support)
$s(a)(x)= \sum_{\Delta\in S}a(\Delta)$
$\mathcal{M}$ multisegment
$\Delta_{1},$ $\Delta_{2}\in \mathrm{S}$ segment $\Delta_{1}$ $\Delta_{2}$
(proemle) $\Delta_{1}$ $\Delta_{2}$
$b(\Delta_{1})+1\leq b(\Delta_{2})\leq e(\Delta_{1})+1\leq e(\Delta_{2})$
( $\Delta_{1}arrow\Delta_{2}$ ) $\Delta_{1}arrow\Delta_{2}$ $\Delta_{2}arrow\Delta_{1}$.
$\Delta_{1}$ $.\Delta_{2}$ (linked)
$a=\{\Delta_{1}, \ldots, \Delta_{t}\}\in \mathcal{M}$ $\Delta_{:},$ $\Delta_{j}\in a$
$a$ $\Delta_{i},$ $\Delta_{j}$ $\Delta_{:}\cup\Delta_{j},$ $\Delta_{i}\cap\Delta_{j}$
$a$
$a’=(a\backslash \{\Delta_{i}, \Delta_{j}\})\cup\{\Delta:\cup\Delta_{j,:}\Delta\cap\Delta_{j}\}$
elementary operation ( $\Delta_{i}\cap\Delta_{j}=\emptyset$
$\Delta_{:}\cup\Delta_{j}$ )
[6] $\Delta_{1},$ $\Delta_{2}\in S$ [$b(\Delta_{1})>b(\Delta_{2})$ $[b(\Delta_{1})=$
$b(\Delta_{2})$ $e(\Delta_{1})\geq e(\Delta_{2})$
$\Delta_{1}\geq\Delta_{2}$
$\mathrm{S}$ $a=\{\Delta_{1}, \ldots, \Delta_{t}\}\in$
$\mathcal{M}$ $\Delta_{1}\geq\Delta_{2}\geq\cdots\geq\Delta_{t}$




$a>b$ ( $\Delta_{1}=\Delta_{1}’,$ $\ldots,$ $\Delta_{t’},=\Delta_{t}’,,t>t’$ $a>b$
) $a’\in \mathcal{M}$ $a\in \mathcal{M}$ elementary operation
$a\geq a’$ [8,
7.1]
$a=\{\Delta_{1}, \ldots, \Delta_{t}\}\in \mathcal{M}$ $\Delta_{0}|.,$
$\ldots,$
$\Delta:_{r}\in a$ (1) (6)
{\Delta , . .. , $\Delta_{i_{\mathrm{r}}}$ } $(\star)$
(1) $d=e(\Delta_{i_{0}})$ $\Delta_{1},$ $\ldots,$ $\Delta_{t}$
(2) $\Delta_{i_{0}}$ $e(\Delta)=d$ $a$ segment $\Delta$
$(,3)$ $e(\Delta_{\dot{4}})=d-p$ , $p=1,$ $\ldots,r$
(4) $\Delta_{i_{\mathrm{p}}}arrow\Delta_{:_{p-1}}$ , $p=1,$ $\ldots,r\text{ }$
(5) $\Delta_{p}(p=1, \ldots, r)$ (3) $,(4)$
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(6) $e(\Delta)=d-r-l$ $\trianglearrow\Delta_{i_{r}}$ $a$ segment $\triangle$
$a$ $(\star)$ $\mathrm{s}\mathrm{e}\mathrm{g}\mathrm{m}\mathrm{e}\mathrm{n}\mathrm{t}_{1}$ $\{\Delta_{i_{0}}., \ldots, \Delta_{i_{\mathrm{r}}}\}$
$($ segment $)_{\text{ }}\triangle=$
$\{b, \ldots, e\}\in S$
$\triangle^{-}=\{b, \ldots, e-1\}$
$a=\{\Delta_{1}, \ldots, \Delta_{t}\}\in \mathcal{M}$ [6] $a\#\in \mathcal{M}$
$(\star)$ {\Delta , . . . , $\Delta_{i_{r}}$ }
multisegment $a’=\{\Delta_{1}’, \ldots, \Delta_{t}’\}$
$\Delta_{\dot{\mathrm{t}}}’=\{$
$\Delta_{i}^{-}$ , $i\in\{i_{0}, \ldots,i_{r}\}$
$\Delta:\ovalbox{\tt\small REJECT}$ otherwise
( $i\in\{i_{0}, \ldots,i_{\mathrm{r}}\}$ $b(\Delta_{i})=e(\Delta_{i})$
$\Delta_{i}^{-}=\emptyset$ $a’$ ) $d=e(\Delta_{i_{0}})$
$\Delta_{1}^{\#}-\{d-r, \ldots, d\}$ $a’$
$(\star)$ $a’$ $\Delta_{2}^{\#}$ $a”$
$a”’\ldots$
$a^{\#}=\{\Delta_{1}^{\mathfrak{p}}, \ldots, \Delta_{t}^{\#},\}$










$\Delta_{\theta}\#=\{0, \ldots, f, -1\}$
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3. $GL_{n}$
$GL_{n}$ minimal parabolic $P_{0}$ Levi $M_{0}$
$P_{0}=\{(\begin{array}{lll}* * \ddots \vdots 0 *\end{array})\}$
$\ovalbox{\tt\small REJECT}=\{(\begin{array}{lll}* 0 \ddots 0 *\end{array})\}$
$\dot{\text{ }}$’ $\pi_{i}(i=1, \ldots,s)$ $GL_{\mathrm{r}}(:F)$
$\pi_{1}\mathrm{x}\cdots \mathrm{x}\pi_{\epsilon}=\mathrm{I}\mathrm{n}\mathrm{d}_{P}^{GL_{n}}(\pi_{1}\mathbb{E}\cdots \mathbb{E}\pi_{\mathit{8}})$
$GL_{n}$ $n=r_{1}+\cdots$ +r\mbox{\boldmath $\theta$}. $GL_{f}1\mathrm{x}\cdots \mathrm{x}$
$GL_{r}$.
$(g_{1}, \ldots,g_{s})\in GL_{r_{1}}\mathrm{x}\cdots \mathrm{x}GL_{r_{s}}arrow(\begin{array}{lll}g_{1} \ddots g_{\mathit{8}}\end{array})\in GL_{n}$
$GL_{n}$ standard Levi $M$ standard
parabolic $P$ $\text{ }$ $GL_{r}(F)$ quasi-character $\nu$
$\nu(g)=|\det(g)|_{F}$ , $g\in GL_{r}(F)$
$\Delta=\{b, \ldots, e\}\in S$ segment $\rho$ $GL_{r}(F)$
supercuspidal $\langle$ $\Delta)_{\rho}$ $\rho\nu^{b}\mathrm{x}\cdots \mathrm{x}\rho\nu^{e}$ unique
Langlands $\mathrm{m}$ $\rho\nu^{b}\mathrm{x}\cdots \mathrm{x}\rho\iota/^{e}$
unique $[\Delta]_{\rho}$ $\rho\nu^{e}\mathrm{x}\cdots \mathrm{x}\rho\nu^{b}$
unique
3.1. $\Delta=\{0,1\}$ $\mathrm{s}\mathrm{e}\mathrm{g}\mathrm{m}\mathrm{e}\mathrm{n}\mathrm{t}_{\text{ }}\rho=\nu^{-\frac{1}{2}}$ $GL_{1}(F)$ quasi-character
$\langle\Delta\rangle_{\rho}$ $GL_{2}(F)$ trivial $[\Delta]_{\rho}$ $GL_{2}(F)$
$\mathrm{S}\mathrm{t}_{1}\mathrm{e}\mathrm{i}\mathrm{n}\mathrm{b}\mathrm{e}\mathrm{r}\mathrm{g}$




$a=\{\Delta_{1}, \ldots, \Delta_{t}\}\in\Lambda 1$ multisegment ‘
$\pi\langle a\rangle_{\rho}=\langle\Delta_{1}\rangle_{\rho}\mathrm{x}\cdots \mathrm{x}$ $\langle \Delta_{t}\rangle_{\rho}$
$\pi[a]_{\rho}=[\triangle_{1}]_{\rho}\mathrm{x}\cdots \mathrm{x}[\Delta_{t}]_{\rho}$
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$\langle a\rangle_{\rho}$ $\pi\langle a\rangle_{\rho}$ unique
Langlands $S$ $b(\Delta_{1})+$
$e(\triangle_{1})>b(\Delta_{2})+e(\Delta_{2})$ $\Delta_{1}>\Delta_{2}$ . $\triangle_{1}\geq\Delta_{2}\geq$
$\ldots\geq\Delta_{t}$ [8, Proposition 64(2)]
$\pi[a]_{\rho}$
$\pi[a]_{\rho}$ unique $[a]_{\rho}$
multisegment $a$ $[a]_{\rho}$ Langlands
$a=\{\Delta\}$
(.3.1) $d_{G}(\langle a\rangle_{\rho})=[a]_{\rho}=\langle a^{\#}\rangle_{\rho}$
([2] [8] ) $\text{ }$ multisegment $a\in \mathcal{M}$
C. Moeglin J.-L. Waldspurger [6]
3.3.
$d_{G}(\langle a\rangle_{\rho})=\langle a^{\#} \rangle$,
$d_{G}(\langle a\rangle_{\rho})=[a]_{\rho}$
([8, Conjecture 103] ) [6]
Oesterle’
$\mathrm{O}\mathrm{e}\mathrm{s}\mathrm{t}_{1}\mathrm{e}\mathrm{r}1\acute{\mathrm{e}}$ [6, Proposition 12] [8,
$\mathrm{P}$.roposition9.13]
3.4. $\Delta=\{b, \ldots, e\}\in \mathrm{S}$




3.5 (Oester16). ,$9uperczl\mathrm{A}9pi,dal$ $\rho$
$d_{G}(\langle a)_{\rho})=\langle a^{\#}\rangle_{\rho}$ , $\forall_{a\in \mathcal{M}}$
$\rho$ $\rho$
$GL_{1}(F)$ trivial $GL_{r}(F)$
$(r\geq 1)$ $supercu,\varphi idal$ $\rho$
d $\pi\langle a\rangle_{\rho}$
$s$
$X$ multiset $R(_{\iota}\mathrm{s})_{p}$ $\{\langle a)_{\rho}|s(a)=s\}$
$R(G)$ (R(s)\rho ) $=R(s)_{\rho}$
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$T_{1}$ $R(s)_{\rho}$ $\{\langle a\rangle_{\rho}|s(a)=s\}$ d
$T_{{}^{t}A}$ $\{\pi(a),|s(a) =s\}$ d
$P$ Multisegment
[8, Theorem 7.1] $P$
1
3.6. $T_{2}$ $\rho$
. $a=\{\Delta_{1}, \ldots, \Delta_{t}\}$ (1.4) (3.1)
$d_{G}(\pi\langle a\rangle_{\rho})=d_{G}((\Delta_{1}\rangle_{\rho}\cross\cdots\cross\langle\Delta_{t}\rangle_{\rho})$


















I $a_{\Delta}$ l\rho =\Sigma (-l)la\Delta l-lbl\pi [bl,





. $s$ $X$ mult et $R(s)_{\rho}$ $\{\langle a\rangle_{\rho}|s(a)=s\}_{\text{ }}$
$\{[a]_{\rho}|s(a)=s\}_{\text{ }}\{\pi\langle a\rangle_{\rho}|s(a)=s\}_{\text{ }}\{\pi[a]_{\rho}|s(a)=s\}$ $0$
9.5 $\mathcal{M}$ $\ovalbox{\tt\small REJECT}$
$\{\langle a\rangle_{\rho}\}$ $\{\pi\langle a\rangle_{\rho}\}$ $P_{2}$ $\{[a]_{\rho}\}$
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$\{\pi[a]_{\rho}\}$ 3.5 $\ovalbox{\tt\small REJECT}$
1 Langlancls $P_{2}$
1 d
$\{\langle a\rangle_{\rho}\}$ $R(s)_{\rho}$ $\{[a]_{\rho}\}$ $R(s.)_{\rho}$









$dc$ $i_{M}^{G}$ Arthur parameter $\psi$ elliptic
$\text{ }$ Arthur parameter
$\psi=\mathrm{r}\mathrm{x}\rho_{s}\cross\omega$ : $W_{F}\cross SU_{2}(\mathbb{C})\cross SL_{2}(\mathbb{C})arrow GL_{n}(\mathbb{C})$
$W_{F}\mathrm{x}SU_{2}(\mathbb{C})\mathrm{x}SL_{2}(\mathbb{C})$ $\tau$
$W_{F}$ $r$ $\rho_{s}$ $s$ $SU_{2}(\mathbb{C})$ $\mathrm{A}$
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